We are concerned with fractional powers of the so-called hyponormal operators of Putnam type. Under some suitable assumptions it is shown that if A, B are closed hyponormal linear operators of Putnam type acting on a complex Hilbert space H, then
Introduction
Let H be a complex Hilbert space. A linear (possibly not continuous) operator A on H is called hyponormal if
where D(A) and D(A * ) denote the domains of A and its adjoint A * , respectively. In view of the above, every (possibly not continuous) normal operator on H is hyponormal, the converse being obviously false. For details on hyponormal operators including a comprehensive investigation on their spectral properties, we refer the reader to [7, 8, 9, 16, 17, 18] and the references therein.
Let A be a hyponormal operator on H. One says that A is of Putnam type if it can be expressed by
where both K, L are selfadjoint linear operators, K is possibly unbounded, and L is bounded on H, see [9, 16] , for details. (i being the complex number such that i 2 = −1.) It should be noted that since L is bounded, the adjoint A * of A is defined by, A * = K − iL, and hence D(A) = D(A * ) = D(K). We mention that the growing theory of hyponormal operators has been of great interest for several mathematicians in the past decades. Note the pioneer work of Putnam [16, 17] , the recent contributions by Janas in [7, 8, 9] , and those of Xia in [18] . This paper goes back to revisit this class of operators, especially to find sufficient conditions such that if A, B are closed hyponormal operators of Putnam type and upon some suitable assumptions, then for each 0 < α < 1,
where A + B is the closure of the algebraic sum A + B of A and B.
As an application, we will consider a large class of Schrödinger's operators −∆ + Q, where the (complex) potential Q is chosen of the form
As in the abstract setting, it will be shown that under some additional assumptions,
for each 0 < α < 1, where D(Q 1 ) denotes the domain of the multiplication operator related to the potential Q 1 .
As a special case, with α = 1/2 in (1.3), we recover the well-known square root problem of Kato for the algebraic sum of hyponormal operators of Putnam type. Notice that similar investigations were made by the author regarding the square root problem of Kato for the algebraic sum of normal and m-sectorial operators, see, for example, [3, 4, 5, 6 ].
Preliminaries
Let A, B be closed hyponormal linear operators acting on a (complex) Hilbert space H. Recall that the algebraic sum A + B of A and B is defined by
For 0 < α < 1, let A α and B α denote the αth powers of A and B, respectively (see [13, 14, 15] for details). It should be noted that under assumptions (H.1), (H.3), and (H.4) below, it can be shown that the fractional powers A α and B α of A and B do exist.
For 0 < α < 1, the domains D(A α ) and D(B α ) of the fractional operators A α and B α are respectively defined through the following (complex) interpolation spaces:
Similarly, if the algebraic sum A + B of A and B is nontrivial, then the domains of its fractional powers (A + B) α are defined by
Again, for details on fractional powers of operators, we refer the reader to [11, 12, 13, 14, 15] and the references therein.
It should be observed that if A, B are of Putnam type, that is,
where K, L, M, and R are selfadjoint linear operators, K, M are unbounded, and L, R are bounded, then
where
The paper is organized as follows. In Section 3, it will be shown that under appropriate assumptions, the domain of the algebraic sum A + B of A and B satisfies (1.3) (Theorem 3.1). In Section 4, the main result is applied to a large class of Schrödinger's operators with singular potential (Corollary 4.1).
Throughout the paper, H, and A and B stand for a (complex) Hilbert space, closed (possibly unbounded) hyponormal linear operators acting into H, respectively. In addition to that we suppose that A, B are of Putnam type, that is,
where K, L, M, R are selfadjoint on H, K, M are unbounded, and L, R are bounded linear operators.
The following assumptions will be made:
Notice that from the assumptions (H.1) and (H.3), A = K + iL is m-sectorial (see [12] for details). Similarly, the assumptions (H.1) and (H.4) yield that
Under assumptions (H.1), (H.3), and (H.4), we consider the sesquilinear forms φ, ψ associated with A, B.
Consequently,
Next, let ξ denote the sum of the sesquilinear forms φ and ψ. Thus ξ can be expressed by 
Under assumption (H.2), it follows that ξ has the following other representation:
Fractional powers of operators
In this section, it will be shown that the algebraic sum S of A and B satisfies (1.1) under assumptions (H.1)-(H.4). 
Proof. We first show that A + B is the operator associated with the sesquilinear form ξ defined in (2.10). For that, consider the sesquilinear form ξ = φ + ψ in (2.10) and let V ξ = (V 1/2 , ·, · ξ ) be the pre-Hilbert space V 1/2 equipped with the inner product
Since the sum form K M of K and M is a nonnegative selfadjoint operator, it easily follows that V ξ is a Hilbert space, hence ξ is a closed sesquilinear form. 
where C > 0. We then conclude that ξ is a densely defined closed sectorial sesquilinear form. According to the first representation theorem [12, Theorem 2.1, page 322], there exists a unique m-sectorial operator associated with ξ, that is, m-sectorial extension of A + B. Now, A + B is maximal, it follows that A + B is the m-sectorial operator associated with ξ.
Now since D(A) = D(A * ) = D(K) and D(B) = D(B * ) = D(M), it follows that D(A + B) ⊂ D((A + B)
* ), and therefore
Similarly from the inclusion D(A + B) ⊂ D((A + B)
* ) and Kato [11] , it follows that
for each α ∈ (0,1/2) ∪ (1/2,1). From (3.4) and (3.5), one obtains that
for each α ∈ (0,1). Considering the conjugate ξ * of ξ and using similar arguments as above for the adjoint A + B * of A + B, it follows that
for each 0 < α < 1. One completes the proof using the fact that D(ξ) = D(ξ * ) and combining (3.6) and (3.7) above, that is,
for each 0 < α < 1.
Applications
This section provides an application to Theorem 3.1. Namely, we consider a large class of linear operators involving the well-known Schrödinger's operators, that is, −∆ + Q, where ∆ denotes the Laplace (differential) operator defined by
and the potential Q belongs to L
and let Φ be the sesquilinear form defined by
Clearly, Φ is a sectorial sesquilinear form with domain
On the other hand, suppose that the potential Q can be written as
where Q 1 (x),Q 2 (x) ≥ 0 (a.e).
Let Ψ be the sesquilinear form defined by
Throughout this section we suppose
, and there exists θ ∈ (0,π/2) such that
Observe that from (4.5), it follows that Ψ is a sectorial sesquilinear form. Actually,
Under the above assumptions it is clear that Φ, Ψ are densely defined closed sectorial forms. Furthermore, it is not hard to see that the operators associated with Φ and Ψ are respectively defined by Observe that Now consider the sum of Φ and Ψ above, that is, Ξ = Φ + Ψ. Clearly, the operator associated with Ξ = Φ + Ψ is the closure of the algebraic sum −∆ + Q. It is also well-known, according to Brézis and Kato [1] that the operator (−∆ + V ) is m-sectorial. Actually, such an operator is explicitly defined by
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The previous discussion can be formulated as follows. 
Suppose that Q 1 (x),Q 2 (x) ≥ 0 (a.e) and that (4.5) holds, then Proof. In view of the previous discussion, it is clear that both A = −∆ and B = Q defined above, satisfy assumptions (H.1)-(H.4). One completes the proof by using Theorem 3.1 above.
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